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FAMILIES OVER CURVES WITH A STRICTLY MAXIMAL
HIGGS FIELD
ECKART VIEHWEG AND KANG ZUO
Abstract. We study certain rigid Shimura curves in the moduli scheme
of polarized minimal n-folds of Kodaira dimension zero. Those are charac-
terized by some numerical condition on the Deligne extension of the corre-
sponding variation of Hodge structures, or equivalently by the strict max-
imality of the induced Higgs field. We show that such Shimura curves can
not be proper for n odd, and we give some examples, showing that they
exist in all dimensions.
Let f : X → Y be a family of n-dimensional complex algebraic varieties,
smooth over U = Y \S. We will assume that X is projective and non-singular,
that Y is a smooth projective curve, and that the general fibre F of f is
connected, hence irreducible. Writing X0 = f
−1(U) one has the Q variations
of Hodge structures Rkf∗QX0 of weight k. Usually we will assume that the
monodromy around each point s ∈ S is unipotent and that the family is not
birationally isotrivial.
Considered the Deligne extension of (Rkf∗QX0) ⊗ OU to Y together with
the extension of the Hodge filtration. Taking the graded sheaf one obtains the
Higgs bundle
(E, θ) = (
⊕
p+q=k
Ep,q, θp,q)
with Ep,q = Rqf∗Ω
p
X/Y (log∆), for ∆ = f
∗(S). The restriction θq,p of the Higgs
field to Eq,p is given by the edge morphisms
Rqf∗Ω
p
X/Y (log∆) −−→ Rq+1f∗Ωp−1X/Y ⊗ Ω1Y (logS)
of the p-th wedge product of the tautological sequence
0→ f ∗Ω1Y (logS)→ Ω1X(log∆)→ Ω1X/Y (log∆))→ 0.
In [16] we studied families of Abelian varieties, and k = 1. Then E1,0 is a
direct sum F 1,0 ⊕N1,0 with F 1,0 ample and N1,0 flat, hence N1,0 ⊂ Ker(θ1,0).
Correspondingly, one has E0,1 = F 0,1 ⊕ N0,1 and E is the direct sum of the
Higgs bundles
(F = F 1,0 ⊕ F 0,1, θ1,0|F 1,0) and (N1,0 ⊕N0,1, 0).
In this special case we called the Higgs field maximal if
θ1,0 : F 1,0 → F 0,1 ⊗ Ω1Y (log S)
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is an isomorphism. The notion “strictly maximal”, introduced below in 1.2,
adds the additional condition that N1,0 = N0,1 = 0, or in different terms that
R1f∗QX0 has no unitary part.
The Arakelov inequalities ([5], generalized in [4], [11], [7]) say that
2 · deg(E1,0) ≤ rank(E1,0) · deg(Ω1Y (logS)),
and this inequality becomes an equality if and only if the Higgs field is strictly
maximal.
In this article we extend both, the Arakelov inequalities, and the concept of
the strict maximality to variation of Hodge structures X of weight k ≥ 1, and
we discuss some implications for the shape of the variation of Hodge structures,
for their special Mumford-Tate groups and for the rigidity of the family. Let us
remark already, that for k even one allows Rkf∗QX0 to have a unitary part U,
as long as it is concentrated in bidegree (k
2
, k
2
). Our main interest are variations
of Hodge structures of weight k = n, given by a family f : X → Y with general
fibre F a minimal model. We doubt that there are examples with κ(F ) > 0.
For κ(F ) = 0 a non-isotrivial family with a strictly maximal Higgs field gives
rise to a Shimura curve in the moduli space of polarized manifolds, and parallel
to the case of Abelian varieties one is tempted to expect that there are few of
such curves.
After giving the definition of strictly maximal Higgs fields in Section 1 we
will prove in Section 2 a generalized Arakelov inequality for variations of Hodge
structures of weight k ≥ 0. As for k = 1, these inequalities become equalities
if and only if the Higgs field is strictly maximal.
C. Simpson’s theory of Higgs bundles will allow in Section 3 to construct
certain decompositions for Higgs bundles with a strictly maximal Higgs field.
Roughly speaking, as for Abelian varieties [16] or for K3-surfaces [14], they
are decomposed in direct sums and tensor products of a fixed C-variation of
Hodge structures L of weight one and some unitary parts. This decomposition
will imply rigidity and some minimality for the special Mumford-Tate group
in Section 4.
In case S 6= ∅ the unipotence of the local monodromies will imply in Section
5 that both, the local system L and the decomposition can be defined over
Q. This implies that the variation of Hodge structures looks like one given by
the n-th cohomology of the n-th product E ×Y · · · ×Y E, where E → Y is a
modular family of elliptic curves. For S = ∅ and for k odd, we will show next
that there are no variations of Hodge structures with a strictly maximal Higgs
field and with hk,0 = 1.
In the final Section 7 we will give examples of families f : X → Y of
n-dimensional varieties, whose n-th variation of Hodge structures is strictly
maximal. Those families are obtained as quotients of families of Abelian va-
rieties, and their general fibre F is a minimal model of Kodaira dimension
zero. For S = ∅ we only have examples of families of Kummer type. In par-
ticular they only exist for n even, and they are not Calabi-Yau manifolds,
except for n = 2. For S 6= ∅, generalizing a construction due to C. Borcea
[1], will construct families of Calabi-Yau varieties by taking certain quotients
of products of modular families of elliptic curves, as predicted by Theorem 5.2.
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1. Strictly maximal Higgs fields
Definition 1.1. Let X be a polarized C variation of Hodge structures of weight
k, with Higgs bundle
(E, θ) = (
⊕
p+q=k
Ep,q, θp,q).
X (or (E, θ)) has a strict generically maximal Higgs field, if one has a direct
sum decomposition
(E, θ) =
k⊕
i=0
(Fi, θ|Fi), (1.1.1)
with:
i. If k − i is odd, Fi = 0.
ii. If k− i is even, F p,k−pi = Fi ∩Ep,k−p = 0 for 2p < k− i and 2p > k+ i.
Moreover, for all p with k − i+ 2 ≤ 2p ≤ k + i,
τ p,k−pi = θ|F p,k−pi : F
p,k−p
i −−→ F p−1,k−p+1i ⊗ Ω1Y (logS)
is generically an isomorphisms.
So for k − i even, F p,k−pi can only be non-zero for
p =
k + i
2
⇒ k + i− 2
2
⇒ · · · ⇒ k − i+ 2
2
⇒ k − i
2
and all Higgs fields ∗ → ∗ ⊗ Ω1Y (logS) (indicated by ⇒) are generically
isomorphisms. In particular, if Fi 6= 0 the width of (Fi, τi) is i.
The polarization of X induces an isomorphisms
(Fi, τi) ≃ (F∨i , τ∨i )(−k)
where (−k) stands for the Tate twist, i.e. for the shift of the bigrading by
(k, k). In particular det(Fi)
2 = OY .
Definition 1.2. X (or (E, θ)) has a strictly maximal Higgs field, if the mor-
phisms τ p,k−pi in 1.1, ii), are all isomorphisms. We will also say that X (or
(E, θ)) is strictly maximal.
The strict maximality of the Higgs field allows to apply Simpson’s Corre-
spondence [13] (see also [16] and the references given there).
Lemma 1.3. Assume that (E, θ) has a strictly maximal Higgs field and let Fi
be the maximal component of E of width i. Then deg(Fi) = 0, and (Fi, τi =
θ|Fi) is the Higgs bundle corresponding to a polarized variation of Hodge struc-
tures Vi.
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Proof. Write θ(p) for the iterated map
E → E ⊗ Ω1Y (logS)→ E ⊗ Ω1Y (log S)2 → · · · → E ⊗ Ω1Y (log S)p.
For i = k the sub Higgs bundle (Fk, τk) of (E, θ) is given by
F k−p,pk = θ
(p)(Ek,0)⊗ Ω1Y (logS)−p.
Hence deg(F k−p,pk ) = deg(E
k,0)− p · deg(Ω1Y (logS)) and for p = k one finds
− deg(Ek,0) = deg(E0,k) = deg(Ek,0)− k · deg(Ω1Y (logS).
Adding up, one finds
deg(Fk) = k · deg(Ek,0)−
k∑
p=0
p · deg(Ω1Y (log S)) =
k · deg(Ek,0)− k(k + 1)
2
· deg(Ω1Y (logS)) = 0.
By Simpson’s Correspondence one has a decomposition X = Vk ⊕W, which
one may choose orthogonal with respect to the polarization. W is again a
variation of Hodge structures, concentrated in bidegrees
(k − 1, 1), . . . , (1, k − 1).
The Tate twistW(1) is a variation of Hodge structures of weight k−2, obviously
again with a strictly maximal Higgs field. By induction on the weight of the
variation of Hodge structures one obtains 1.3. 
Definition 1.4.
a. Assume that X has a strictly maximal Higgs field. We call (Fi, τi) in
1.1 (or the local system Vi corresponding to the Higgs bundle (Fi, τi))
the strictly maximal pure component of X of width i.
b. X has a strictly maximal and pure Higgs field (or X is a strictly maxi-
mal and pure variation of Hodge structures) if it only has one strictly
maximal pure component, i.e. if X = Vi, for some i.
So X is a strictly maximal and pure variation of Hodge structures, if and
only if all the
θp,q : Ep,q −−→ Ep−1,q+1 ⊗ Ω1Y (logS)
are isomorphisms, except if Ep,q = 0 or Ep−1,q+1 = 0.
Remark 1.5. The decomposition (1.1.1) gives rise to a decomposition of C
local systems:
X =
[ k−1
2
]⊕
i=0
V2i+1, for k odd, (1.5.1)
X =
[ k
2
]⊕
i=0
V2i, for k even, (1.5.2)
where the Vj are all zero or strictly maximal and pure of width j. In particular,
X can only have a unitary sub-system U for k even, and U = V0 in this case.
By [16], 3.3, in case X is a polarized Q¯∩R variation of Hodge structures, the
decomposition (1.5.1) can be defined again over Q¯ ∩ R, and orthogonal with
respect to the polarization.
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Remarks 1.6. As mentioned in the introduction, in [16] for the maximality
of Higgs field, of variation of Hodge structures of weight 1, one also allows
unitary sub-systems of width 1, and in [14] for families of K3-surfaces one also
allows Higgs fields with zero second iterated Kodaira Spencer map. Those are
again maximal in a certain sense, but not strictly maximal.
2. Arakelov inequalities
In this section we consider the Higgs bundle
(E, θ) = (
⊕
p+q=k
Ep,q, θp,q)
corresponding to the Deligne extension of a polarized complex variation of
Hodge structures X of weight k on Y \ S. We will assume that the local mon-
odromies around the points in S are all unipotent. Let us write
Ep,q0 = ker(θ
p,q : Ep,q → Ep−1,q+1 ⊗ Ω1Y (logS)), hp,q0 = rkEp,q0 .
[7] and [11] contains the proof of generalized Arakelov inequalities:
If k = 2l + 1, then
degEk,0 ≤ (1
2
(hk−l,l − hk−l,l0 ) +
l−1∑
j=0
(hk−j,j − hk−j,j0 )
) · deg(Ω1Y (logS)).
If k = 2l,
degEk,0 ≤
l−1∑
j=0
(hj,k−j − hj,k−j0 ) · deg(Ω1Y (log S)).
We will show a slightly different inequality, for which the upper bound is
reached, if and only if the Higgs field is strictly maximal.
Proposition 2.1.
a. For all ν ≤ [k
2
] one has
deg(Ek−ν,ν) ≤ k − 2ν
2
· (hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (log S)).
b. One has
0 ≤
[ k
2
]∑
ν=0
deg(Ek−ν,ν) ≤
[ k
2
]∑
ν=0
k − 2ν
2
· (hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (logS)).
c. Let µ be the smallest natural number with θk−µ,µ 6= 0. Then
0 < deg(Ek−µ,µ).
In particular deg(Ω1Y (logS)) > 0, if θ 6= 0.
d. If θ 6= 0 the following conditions are equivalent:
(i) For all ν ≤ [k
2
]
deg(Ek−ν,ν) =
k − 2ν
2
· hk−ν,ν · deg(Ω1Y (log S)).
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(ii)
[ k
2
]∑
ν=0
deg(Ek−ν,ν) =
[ k
2
]∑
ν=0
k − 2ν
2
· hk−ν,ν · deg(Ω1Y (logS)).
(iii) (E, θ) has a strictly maximal Higgs field.
If f : X → Y is a non-isotrivial family with smooth part V → U , and if ωF
is semi-ample for a general fibre F of f , then by [15]
deg(Ω1Y (logS)) > 0.
2.1, c), is the corresponding statement for variations of Hodge structures.
Proof of 2.1. Fix some ν ≤ [k
2
] and write
A =
ν⊕
q=0
Ek−q,q = Ek,0 ⊕ · · · ⊕Ek−ν,ν .
The sub Higgs bundle < A > of E, generated by A, contains A as a direct
factor. Writing < A >= A⊕ B′, and θ(j) for the iterated map
E → E ⊗ Ω1Y (logS)→ E ⊗ Ω1Y (logS)2 → · · · → E ⊗ Ω1Y (logS)j,
one has
B′ =
k−ν⊕
j=1
θ(j)(Ek−ν,ν)⊗ Ω1Y (logS)−j =
k⊕
q=ν+1
Bk−q,q ⊂
k⊕
q=ν+1
Ek−q,q.
By definition A⊕ B′ is a sub Higgs bundle of E, hence [13] implies
deg(A) + deg(B′) ≤ 0.
On the other hand,
A∨ =
ν⊕
q=0
Ek−q,q
∨
=
ν⊕
q=0
Eq,k−q =
k⊕
q=k−ν
Ek−q,q
also is a Higgs sub-bundle, and
− deg(A∨) = deg(A) =
ν∑
q=0
Ek−q,q ≥ 0.
For ν = [k
2
] we obtain the first inequality in b). The second one is the sum of
the inequalities in a), which we will verify below.
For all ν ≤ [k
2
] [13] implies that deg(A∨) = 0, if and only if (A∨, θ|A∨) is
a direct factor of (E, θ). Equivalently (A, θ|A) is a direct factor of (E, θ), or
B′ = 0. The latter is equivalent to θ(1)(Ek−ν,ν) = 0 hence to θk−ν,ν = 0.
In c) we assumed that θk−µ−i,µ+i = 0 for all i > 0, whereas θk−µ,µ 6= 0. This
implies
µ−i∑
q=1
deg(Ek−q,q) = 0, for i > 0 and
µ∑
q=1
deg(Ek−q,q) > 0,
and thereby deg(Ek−µ,µ) > 0.
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Let us consider next the Higgs bundle
A⊕ B ⊕
k⊕
q=k−ν+1
Ek−q,q where
B =
k−ν⊕
q=ν+1
Bk−q,q =
k−2ν⊕
j=1
θ(j)(Ek−ν,ν)⊗ Ω1Y (logS)−j.
Up to one factor Eν,k−ν the last term of this decomposition coincides with A∨,
and one finds
deg(Ek−ν,ν) = deg(A) +
k∑
q=k−ν+1
Ek−q,q ≤ − deg(B) =
−
k−ν∑
q=ν+1
deg(Bk−q,q) = −
k−2ν∑
j=1
deg(Bk−ν−j,ν+j). (2.1.1)
By the choice of the Bq,p the Higgs field θ induces surjections
Ek−ν,ν −−→ Bk−ν−1,ν+1 ⊗ Ω1Y (logS), and, for j > 0 (2.1.2)
Bk−ν−j,ν+j −−→ Bk−ν−j−1,ν+j+1 ⊗ Ω1Y (log S) (2.1.3)
whose kernels, as a Higgs sub-bundles ofE, have a non-positive degree. Writing
Bk−ν,ν = Ek−ν,ν, for a moment, one obtains for j ≥ 0
deg(Bk−ν−j,ν+j) ≤
deg(Bk−ν−j−1,ν+j+1) + rank(Bk−ν−j−1,ν+j+1) · deg(Ω1Y (log S)),
and thereby
deg(Ek−ν,ν) ≤ deg(Bk−ν−1,ν+1) + rank(Bk−ν−1,ν+1) · deg(Ω1Y (logS))
≤ deg(Bk−ν−j,ν+j) +
j∑
i=1
rank(Bk−ν−i,ν+i) · deg(Ω1Y (log S)).
So the right hand side of (2.1.1) has an upper bound
−
k−2ν∑
j=1
deg(Bk−ν−j,ν+j) ≤
−(k − 2ν) deg(Ek−ν,ν) +
k−2ν∑
j=1
j∑
i=1
rank(Bk−ν−i,ν+i) · deg(Ω1Y (log S)).
Composing the surjections (2.1.2) and (2.1.3) one obtains surjections
Ek−ν,ν −−→ Bk−ν−i,ν+i ⊗ Ω1Y (log S)j.
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In particular rank(Bk−ν−i,ν+i) is smaller than or equal to hk−ν,ν − hk−ν,ν0 . Al-
together one obtains
deg(Ek−ν,ν) ≤
−(k − 2ν) deg(Ek−ν,ν) +
k−2ν∑
j=1
j∑
i=1
rank(Bk−ν−i,ν+i) · deg(Ω1Y (log S)) ≤
−(k − 2ν) deg(Ek−ν,ν) +
k−2ν∑
j=1
j∑
i=1
(hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (logS)) =
−(k − 2ν) deg(Ek−ν,ν) +
k−2ν∑
j=1
j · (hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (logS)) =
−(k − 2ν) deg(Ek−ν,ν)+
(k − 2ν)(k − 2ν + 1)
2
(hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (log S)),
and
deg(Ek−ν,ν) ≤ (k − 2ν)
2
(hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (logS))
as claimed in a).
If θ 6= 0 one finds some µ satisfying the condition pose in c). The inequality
a) for ν = µ implies that deg(Ω1Y (logS)) > 0.
Using a) and b) one finds that d), (i), and d), (ii), are equivalent, and obviously
both hold true if (E, θ) has a strictly maximal Higgs field.
Since we assume in d) that θ 6= 0, c) implies that deg(Ω1Y (logS)) > 0. It
remains to show that this condition together with the equations in d), (i), force
the Higgs field to be strictly maximal.
By a), for ν = 0, . . . , [k
2
] one finds
deg(Ek−ν,ν) ≤ k − 2ν
2
· (hk−ν,ν − hk−ν,ν0 ) · deg(Ω1Y (log S)) ≤
k − 2ν
2
· hk−ν,ν · deg(Ω1Y (logS)). (2.1.4)
The equations d), (i), say that both inequalities in (2.1.4) are equalities, hence
hk−ν,ν0 = 0. So/
rank(Bk−ν−j−1,ν+j+1) = hk−ν,ν ,
and the surjections (2.1.2) and (2.1.3) are isomorphisms. Hence for all ν
deg(Ek−ν,ν) = deg(Bk−ν−j,ν+j) + j · hk−ν,ν · deg(Ω1Y (logS)). (2.1.5)
As in the proof of 1.3 the equality (2.1.5) allows recursively to decompose the
Higgs bundle (E, θ):
For ν = 0 choose the sub Higgs bundle (Fk, τk) of with F
k,0
k = E
k,0 and with
F k−j,jk = B
k−j,j = θj(Ek,0)⊗ Ω1Y (log S)−j.
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By (2.1.5) and d), (i), for ν = 0,
deg(Fk) =
k∑
j=0
deg(F k−j,jk ) = (k + 1) · deg(Ek,0)−
k∑
j=1
j · deg(Ω1Y (logS)) =
(k + 1) · deg(Ek,0)− k(k + 1)
2
j · deg(Ω1Y (log S)) = 0.
By Simpson’s Correspondence [13] there exists a decomposition X = Vk ⊕W,
where W is a variation of Hodge structures, concentrated in bidegrees
(k − 1, 1), . . . , (1, k − 1),
and where Vk is strictly maximal and pure of width k. The Tate twist W(1)
is a variation of Hodge structures of weight k− 2. If we denote by (E1, θ1) the
corresponding Higgs field, and by hp−1,q−11 the rank of E
p−1,q−1
1 , then
Ek−ν−1,ν+1 = Ek−2−ν,ν1 ⊕ θ(ν+1)(Ek,0)⊗ Ω1Y (log S)−ν−1
and hk−2−ν,ν1 = h
k−ν−1,ν+1 − hk,0,
hence
[ k−2
2
]∑
ν=0
deg(Ek−2−ν,ν1 ) =
[ k−2
2
]∑
ν=0
(
deg(Ek−ν−1,ν+1)− (ν + 1) · hk,0 · deg(Ω1Y (logS))
)
=
[ k
2
]∑
ν=1
(
deg(Ek−ν,ν)− ν · hk,0 · deg(Ω1Y (log S))
)
=
[ k
2
]∑
ν=0
(
deg(Ek−ν,ν)− ν · hk,0 · deg(Ω1Y (log S))
)− deg(Ek,0).
Using d), (i), for ν = 0, and d), (ii), one obtains
[ k−2
2
]∑
ν=0
deg(Ek−2−ν,ν1 ) =
[ k
2
]∑
ν=0
k − 2ν
2
· (hk−ν,ν − hk,0) · deg(Ω1Y (log S))− deg(Ek,0) =
[ k
2
]∑
ν=1
k − 2ν
2
· (hk−ν,ν − hk,0) · deg(Ω1Y (logS)) =
[ k−2
2
]∑
ν=0
k − 2− 2ν
2
· hk−2−ν,ν1 · deg(Ω1Y (log S)) =
[ k−2
2
]∑
ν=0
k − 2− 2ν
2
· hk−2−ν,ν1 · deg(Ω1Y (log S)).
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Thereby W(1) satisfies again the equality d), (ii), hence d), (i) as well, and by
induction on the weight of the variation of Hodge structures one obtains the
decomposition asked for in 1.1 and 1.2. 
3. Decompositions of Higgs bundles with strictly maximal
Higgs fields
As in [16], 1.2 and 1.4, one obtains as a corollary of [13]:
Proposition 3.1. Assume that the Higgs field of a polarized C variation of
Hodge structures X of weight k is strictly maximal. Then for each of the strictly
maximal pure components Fi of width i the sheaves F
p,k−p
i are poly-stable.
Proof. Recall that F p,k−pi 6= 0 if and only if k− i is even and k− i ≤ 2p ≤ k+ i.
Since the Higgs field is given by isomorphisms, it is sufficient to show that
for p¯ = k+i
2
the sheaf F p¯,k−p¯i is poly-stable. Let A = Ap¯,k−p¯ be a sub-bundle
and define inductively
Ap−1,k−p+1 = τi(Ap,k−p)⊗ (Ω1Y (log S))−1 ⊂ F p−1,k−p+1i .
Restricting the Higgs field, one finds that
( p¯⊕
p=p¯−i
Ap,k−p, τi
)
is a sheaf, underlying a sub Higgs bundle of (Fi, τi). Hence by [13]
p¯∑
p=p¯−i
deg(Ap,k−p) ≤
p¯∑
p=p¯−i
deg(F p,k−pi ) = 0. (3.1.1)
On the other hand,
p¯∑
p=p¯−i
deg(Ap,k−p) = i · deg(A) + i ·
p¯∑
p=p¯−i
rank(A) · deg(Ω1Y (log S).
Since the same equation holds true for F p¯,k−p¯i instead of A, (3.1.1) implies that
deg(A)
rank(A) ≤
deg(F p¯,k−p¯i )
rank(F p¯,k−p¯i )
. (3.1.2)
Hence F p¯,k−p¯i is semi-stable. If (3.1.2) is an equality,
( p¯⊕
p=p¯−i
Ap,k−p, τ)
must be a direct factor of (Fi, τi), hence A is a direct factor of F p¯,k−p¯i . 
Remark 3.2. Assume that Y = P1 and that the Higgs field (E, θ) is non-zero.
a. The strict maximality of the Higgs field implies by 3.1 that
F
k+i
2
, k−i
2
i =
⊕
OP1(ν) (3.2.1)
for some ν, and that 2 · ν = i · (−2+#S). If k is odd, hence Fi 6= 0 for
some odd number i, one finds #S to be even.
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b. Independently of k one can always arrange the decomposition in (3.2.1)
such that (Fi, τi) =
⊕
(Ni, ρi) where Ni is a rank i + 1 Higgs bundle
with Np,qi at most one dimensional, and with a strictly maximal pure
Higgs field.
Remark 3.3. From now on we will frequently assume that #S is even. If Y
is a curve of genus g > 0, this holds true after replacing Y by an e´tale covering
of degree 2. For Y = P1, and for k odd, this assumption follows from the strict
maximality of the Higgs field. For Y = P1 and k even, one may have to replace
Y by a twofold covering, ramified in two points of S.
If #S is even, we call an invertible sheaf L a logarithmic theta characteristic,
if there is an isomorphism
L2 ≃−−→ Ω1Y (logS) or equivalently σ : L ≃−−→ L−1 ⊗ Ω1Y (logS).
So (L⊕L−1, σ) is an indecomposable Higgs field of degree zero, hence it corre-
sponds to a local C system L. This system is uniquely determined by Y , up to
the tensor product with local systems given by two division points in Pic(Y ).
Let us fix once for all one of those local systems L. We will regard L as a C
variation of Hodge structures of weight 1 and width 1, hence concentrated in
bidegrees (1, 0) and (0, 1). Then Si(L) has weight i and width i. Given k with
k − i even, the Tate twist Si(L)(−k−i
2
) is a C variation of Hodge structures of
weight k and width i.
The components of the Higgs bundle of Si(L)(−k−i
2
) are concentrated in
bidegrees (p, k − p) for
p =
k − i
2
,
k − i
2
+ 1, . . . ,
k + i
2
,
and for p = k+i−2µ
2
the corresponding component is isomorphic to Li−2µ. The
Higgs field is induced by σ, hence an isomorphism, and we will denote it by
Si−2µ(σ) : Li−2µ −−→ Li−2µ−2 ⊗ Ω1Y (log S).
In particular Si(L)(−k−i
2
) is strictly maximal and pure.
Proposition 3.4. Assume again that X is a C variation of Hodge structures
of weight k and with a strictly maximal Higgs field. Assume in addition that
#S is even. Using the notations from 1.4, let Vi be the strictly maximal pure
component of X of width i. Then one has decompositions
Vi = S
i(L)(−k − i
2
)⊗ Ti, (3.4.1)
where Ti are unitary local system and a C variation of Hodge structures con-
centrated in bidegree (0, 0).
Proof. By assumption deg(Ω1Y (log S)) is even, hence that we can choose a
logarithmic theta characteristic L.
Let (Fi, τ) denote the Higgs bundle corresponding to Vi. The strict maxi-
mality of the Higgs field implies that for k−i
2
< p ≤ p¯ = k+i
2
τ p,k−p : F p,k−pi −−→ F p−1,k−p+1i ⊗ Ω1Y (log S)
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is an isomorphism. Let us write g for the rank of those sheaves. Then
det(F p,k−pi ) ≃ det(F p−1,k−p+1i )⊗ L2g, and
0 =
p¯∑
p=p¯−i
deg(F p,k−pi ) =
i∑
ν=0
deg(F p¯−i,k+i−p¯i ) · 2νg deg(L).
One obtains
deg(F p¯−i,k+i−p¯i ) = −ig deg(L), and deg(F p¯,k−p¯i ) = ig deg(L), . (3.4.2)
Choose T = F p¯,k−p¯i ⊗ L−i with trivial Higgs field. 3.1 implies that this sheaf
is poly-stable, and by (3.4.2) its degree is zero. Hence (T , 0) corresponds to a
unitary C local system T, which we may regard as a C variation of polarized
Hodge structures, concentrated in bidegree (0, 0).
The p¯ − µ, k − p¯ + µ component of the Higgs bundle corresponding to the
local system Si(L)(−k−i
2
) ⊗ T is given by Li−2µ ⊗ T and the Higgs field by
Si−2µ(σ)⊗ idT .
The isomorphism τ p¯−µ,k−p¯+µ, together with Ω1Y (logS) ≃ L2, induces isomor-
phisms
T = F p¯,k−p¯i ⊗L−i
δµ−−→
≃
F p¯−µ,k−p¯+µi ⊗L−i+2µ) ≃−−→
F p¯−µ−1,k−p¯+µ+1i ⊗ L−i+2(µ−1) ≃−−→ F p¯−i,k+i−p¯i ⊗ Li.
By the choice of the different isomorphisms
Li−2µ ⊗ T S
i−2µ(σ)⊗idT−−−−−−−−→ Li−2(µ−1) ⊗ Ω1Y (log S)⊗ T
id
Li−2µ
⊗δµ
y
yidLi−2(µ−1)⊗Ω1
Y
(log S)
⊗δµ−1
F p¯−µ,k−p¯+µi −−−→ Ω1Y (log S)⊗ F p¯−µ−1,k−p¯+µ+1i
commutes, hence the two Higgs bundles are isomorphic. 
Lemma 3.5. Assume that XQ¯ is a variation of Q¯ ∩ R Hodge structures, and
that X = XQ¯⊗C has a strictly maximal Higgs field. Assume moreover, that #S
is even. Then, after replacing Y by a finite e´tale covering, the tensor product
decomposition in 3.4 can be defined over Q¯. To be more precise, there exist a
Q¯ ∩ R local system LQ¯∩R, and a unitary Q¯ ∩ R local system TiQ¯∩R with
Vi,Q¯ = S
i(LQ¯)(−
k − i
2
)⊗ TiQ¯ and XQ¯ =
ℓ⊕
i=0
Vi,Q¯.
Proof. By 1.5 XQ¯ =
⊕ℓ
i=0Vi,Q¯ for some Q¯ variations of Hodge structures Vi,Q¯
of width i, each one with a strictly maximal and pure Higgs field.
Hence we may restrict ourselves to the case that XQ¯ = Vi,Q¯. Then the proof
is similar to the one given [16], 3.7, ii), a) and b):
Consider for j = k−i
2
the isomorphism of local systems
φ : Si(L)(−j)⊗ Ti ≃−−→ Vi
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and the induced isomorphism
End0(S
i(L)(−j)⊗ Ti) =
End0(S
i(L)(−j))⊕ End0(Ti)⊗ End0(Si(L)(−j))⊕ End0(Ti) φ
2−−→ End(Vi).
Since φ2End0(Ti) is the unitary part of this decomposition, by [16], 3.3, it is
defined over Q¯ ∩ R, as well as
φ2(End0(S
i(L)(−j))⊕ End0(Ti)⊗ End0(Si(L)(−j)).
The j,−j part of the Higgs field corresponding to φ2End0(Si(L)(−j)) has
rank one, and its Higgs field is strictly maximal. Hence φ2End0(S
i(L)(−j)) is
irreducible, and by [16], 3.2, it is isomorphic to a local system, defined over Q¯.
So
Ti ⊗ Ti ≃ End(Ti) and Si(L)(−j)⊗ Si(L)(−j) ≃ End(Si(L)(−j))
are both isomorphic to local systems defined over some real number field K ′.
Consider for ν = 2 and µ = i or ν = g0 and µ = 1 the moduli space
M(U, Sl(ν2µ)) of reductive representations of π(U, ∗) into Sl(ν2µ). It is a quasi-
projective variety defined over Q.
Si(L)(−j)⊗ Si(L)(−j) (orTi ⊗ Ti)
is defined over Q¯, which implies that its isomorphism class inM(U, Sl(ν2µ)) is
a Q¯ valued point.
The morphism induced by the second tensor product of the µ-th symmetric
product
ρ :M(U, Sl(ν)) −−→M(U, Sl(ν2µ))
is clearly defined over Q. As Simpson has shown (see [16], 3.4) ρ is finite, hence
the fibre
ρ−1([Si(L)(−j)⊗ Si(L)(−j)]) (orρ−1([Ti ⊗ Ti]))
consists of finitely many Q¯-valued points, hence L and Ti can both be defined
over a number field Q¯.
Finally, passing to an e´tale covering L and Ti can both be assumed to be
defined over R. In fact, the local system L¯ has a strictly maximal Higgs
field, hence its Higgs field is of the form (L′ ⊕ L′−1, τ ′) where L′ is a theta
characteristic. Hence it differs from L at most by the tensor product with
a two torsion point in Pic0(Y ). Replacing Y by an e´tale covering, we may
assume L = L¯. Finally, if (Ti, 0) denotes the Higgs field of Ti, and (T ′i , 0) the
one of T¯i, then Ti⊗Li ≃ F j,k−ji , whereas T ′i ⊗L−i ≃ F k−j,ji . Since the complex
conjugation interchanges F j,k−ji and F
k−j,j
i as well as L and L−1, one obtains
that T¯ = T. 
4. Rigidity and the special Mumford Tate group
Let us shortly recall the definition of the special Mumford-Tate group (called
Hodge group in [8] and [9], see also [2] and [12]). For a general fibre F consider
the Hodge structure Hk(F,Q). The special Mumford-Tate group Hg(F ) is
defined in as the largest Q algebraic subgroup of Gl(Hk(F,Q)), which leaves
all Hodge tensors invariant, i.e. all elements
η ∈ [(
m⊗
Hk(F,Q)
)⊗ (
m′⊗
Hk(F,Q)∨
)]k(m−m′)
2
,
k(m−m′)
2 .
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Hg(F ) is a reductive group.
For a smooth family of manifolds f : X0 → U with F = f−1(y) for some
y ∈ U , and for the corresponding Q variation of polarized Hodge structures
Rkf∗QX0 , consider Hodge tensors η on F which remain Hodge tensors under
parallel transform. One defines the special Mumford-Tate group Hg(Rkf∗QX0)
as the largest Q subgroup which leaves all those Hodge cycles invariant ([2],
§7, or [12], 2.2).
Lemma 4.1.
a. Hg(Rkf∗QX0) coincides for all y
′ in an open dense subset of U with the
special Mumford-Tate group Hg(f−1(y′)). In particular it is reductive.
b. Let GMon denote the smallest reductive Q subgroup of Gl(Hk(F,R)),
containing the image Γ of the monodromy representation
γ : π0(U) −−→ Gl(Hk(F,R)).
Then the connected component GMon0 of one inside G
Mon is a subgroup
of Hg(R1f∗QX0).
c. If #S is even and if Rkf∗CX0 has a strictly maximal Higgs field
GMon0 = Hg(R
kf∗QX0).
Recall that the assumption in 4.1, c), implies that the unitary part U = V0
of Rkf∗CX0 is either trivial, or for k even concentrated in bidegree (
k
2
, k
2
).
Proof. a) has been verified in [12], 2.3. As explained in [2], §7, or [12], 2.4,
the Mumford-Tate group contains a subgroup of Γ of finite index. The same
argument works for the special Mumford-Tate and b) holds true.
Since the special Mumford-Tate group is reductive, part a) implies that
Hg(Rkf∗QX0) is reductive. So
GMon0 ⊂ Hg(Rkf∗QX0)
is an inclusion of reductive groups. The proof of 3.1, (c), in [3] carries over to
show that both groups are equal, if they leave the same tensors
η ∈ (
m⊗
Hk(F,Q)
)⊗ (
m′⊗
Hk(F,Q)∨
)
invariant. Hence for c) one just has to verify, that such a tensor η can only be
invariant under GMon0 or under Γ, if it is of bidegree (
k(m−m′)
2
, k(m−m
′)
2
).
For η ∈ (⊗mHk(F,Q)) ⊗ (⊗m′ Hk(F,Q)∨), invariant under Γ, let η˜ be
the corresponding global section of
V(m,m′)Q =
( m⊗
(Rkf∗QX0)
)⊗ (
m′⊗
(Rkf∗QX0)
∨
)
.
By 3.4 one has a decomposition
Rkf∗CX0 =
ℓ⊕
i=0
Vi ≃
ℓ⊕
i=0
(
Si(L)(−k − i
2
)⊗ Ti
)
,
where Ti is a unitary local system and a C variation of Hodge structures
concentrated in bidegree (0, 0), and where Si(L)(−k−i
2
) has a strictly maximal
Higgs field of width i. In order to prove c) it remains to verify for
V(m,m′) = V(m,m′)Q ⊗Q C :
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Claim 4.2. H0(U,V(m,m
′))p,q = 0 for (p, q) 6= (k(m−m′)
2
, k(m−m
′)
2
).
Proof. By [6], page 80, V(m,m′) decomposes in a direct sum of local sub
systems, each of which is a tensor product of Schur functors Sλ, for certain
partitions λ, applied to one of the local systems U, U∨, L, L∨, Ti, and T
∨
i , for
i = 1, . . . , ℓ.
Since L is of rank two, and since L is self dual, the only possible Schur
functors with Sλ(L) or Sλ(L
∨) non zero, are isomorphic to Sν(L), for ν ≥ 0.
They all have a strictly maximal and pure Higgs field of width > 0, except of
S0(L) ≃ (∧2(L))a. In fact, as a variation of Hodge structures, the latter will
always be concentrated in some bidegree (ι1, ι1).
Note furthermore that all Sλ(U), Sλ(U
∨), Sλ(Ti) or Sλ(T
∨) are unitary of
bidegree (ι2, ι2), for some ι2. The same remains true for all their tensor prod-
ucts.
Consider a typical direct factor
M = Sν(L)⊗ Sλ0(U)⊗ Sλ′0 ⊗
ℓ⊗
i=1
(
Sλi(Ti)⊗ Sλ′i(T∨i )
)
of V(m,m′). Taking the tensor product of a local system with a strictly max-
imal pure Higgs field with a unitary local system, one obtains again a local
system with a strictly maximal pure Higgs field. Since a variation of Hodge
structures of weight > 0 and with a strictly maximal pure Higgs field can not
have any global section, one finds that H0(U,M) = 0, except for ν = 0. In
the latter case, seen as a variation of Hodge structures, M is concentrated in
bidegree (ι, ι), hence H0(U,M), as well. 
Lemma 4.3. Let f : X → Y be a non-isotrivial semi-stable family of n-
dimensional varieties, with X0 → U = Y \ S smooth. Assume that for a
general fibre F of f the local Torelli theorem holds true. If Rnf∗CX0 has a
strictly maximal Higgs field, then f : X → Y is rigid, i.e. there exists no
non-trivial smooth deformations f˜ : X˜0 → U × T of f : X0 → U .
Proof. By [5] (see also [10]) the rigidity follows from the vanishing of
End(Rnf∗CX0)
−1,1.
Using the notation introduced in the proof of 4.1, this group is
H0(U,V(1, 1))−1,1 for V(1, 1) = Rnf∗CX0 ⊗ Rnf∗C∨X0,
hence zero by 4.2. 
5. Splitting over Q for S 6= ∅
As in [16] we will show in this section that, replacing Y by an e´tale covering
(or by a degree two covering ramified in two points for Y = P1), the local
system L can be defined over Q and that the unitary local systems Ti in 3.4
can be assumed to be trivial, i.e. a direct sum of copies of C. We will need
the following well known property of the trace.
Proposition 5.1. Fixing a natural number n ∈ N, there exists a polynomial
pn(t) ∈ Z[t] of degree n and with the leading coefficient 1, such that
tr(Symn(M)) = pn(tr(M)), for all M ∈ Sl2(C).
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Proof. We may assume M is of Jordan normal form[
λ α
0 λ−1
]
,
which acts on a two dimensional vector space V over C with a basis {x, y} by[
x
y
]
7→
[
λ α
0 λ−1
] [
x
y
]
.
Using the basis {xn, xn−1y, xn−2y2, ..., yn} for SymnV one finds
tr(Symn(M)) = λn + λn−2 + λn−4 + ... + λ−n.
It is easy to see there exist integers an−1, an−2, ..., a0 ∈ Z such that ∀λ ∈ C∗
λn + λn−2 + λn−4 + ... + λ−n =
(λ+ λ−1)n + an−1(λ
n−1 + λ(n−1)−2 + ...+ λ−(n−1))+
an−2(λ
n−2 + λ(n−2)−2 + ...+ λ−(n−2)) + · · ·+ a0 =
(tr(M))n + an−1tr(Sym
n−1(M)) + an−2tr(Sym
n−2(M)) + ... + a0.
The proposition follows by induction on n. 
Theorem 5.2. Assume that S = Y \ U 6= ∅, that #S is even, and that XQ
is a non-constant polarized Q variation of Hodge structures of weight k with
unipotent monodromies around all s ∈ S. If X = XQ⊗C has a strictly maximal
Higgs field, then, after replacing Y by an e´tale covering, there exists a rank 2
polarized Z− variation of Hodge structures L with an Q-Hodge isometry
XQ ≃
[ k
2
]⊕
i=0
Sk−2i(LQ)(−i)⊕hk−i,i−hk−i+1,i−1 , (5.2.1)
where hk−i,i denote the Hodge numbers of X.
Recall that the definition of a strictly maximal Higgs field implies that
hk−i+1,i+1 ≤ hk−i,i,
for i = 0, . . . , [k
2
]. So the exponents in 5.2.1 are all non negative.
Proof of 5.2. By Definition 1.1 and by Proposition 3.4 we have a decomposition
X = XQ ⊗ C =
[ k
2
]⊕
i=0
Vk−2i =
[ k
2
]⊕
i=0
Sk−2i(L)(−i)⊗ Tk−2i. (5.2.2)
The local system X⊗ X decomposes in a direct sum
Vk−2i ⊗ Vk−2j = Sk−2i(L)(−i)⊗ Sk−2j(L)(−j)⊗ Tk−2i ⊗ Tk−2j (5.2.3)
for all pair i, j ∈ {0, . . . , [k
2
]}. Since det(L) = C, for i ≤ j Pieri’s formula (see
[6], 6.16, and 6.9) implies that
Sk−2i(L)(−i)⊗ Sk−2j(L)(−j) = S2k−2i−2j(L)(−i− j)⊕ (5.2.4)
S2k−2i−2j−2(L)(−i − j − 1)⊕ · · · ⊕ S−2i+2j(L)(−i+ j).
For a > 0 the polarized variation of Hodge structures S2a(L)(−a) have a
strictly maximal pure Higgs field, as well as their tensor product with a unitary
local system, concentrated in one bidegree (ι, ι). So the only unitary sub local
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systems of X ⊗ X are contained in Vk−2i ⊗ Vk−2i and they are of the form
Tk−2i ⊗ Tk−2i. By [16], 3.3,
T =
[ k
2
]⊕
i=0
Tk−2i ⊗ Tk−2i
comes from a direct factor of XK = XQ ⊗K for some number field K. Since
S 6= ∅, the argument used to prove [16], 4.1, carries over to show that on can
even chooseK = Q, and that T admits an Z-structure. Since the eigenvalues of
the local monodromies of X around S are all equal to 1, the local monodromies
of T around S are all identity. Hence, T extends to a unitary local system on
Y , say of rank κ. The representation defining T can be written as
ρ : π1(U, ∗)→ π1(Y, ∗)→ Gl(κ,Q)
and ρ factors through a finite quotient of π1(Y, ∗). Replacing Y by a finite
covering, we may assume that ρ is trivial, hence that Tk−2i ⊗ Tk−2i is trivial
for all i. Writing κk−2i for the rank of Tk−2i, hence
κk−2i = h
k−i,i − hk−i+1,i−1
the tensor product induces a map
Gl(κk−2i,C)→ Gl(κ2k−2i,C)
with finite kernel, hence we may assume, replacing Y again by some e´tale
cover, that Tk−2i is trivial, for all i.
Let us consider again the decompositions in (5.2.2), (5.2.3) and 5.2.4). They
imply, that for some n > 0 the local system Sn(L) is a sub system of X × X
which is defined over Q.
We need to show L is isomorphic to a rank two local system admitting an
Z-structure. Using the trace formula in Proposition 5.1 one sees that tr(L) is
contained the ring of algebraic integers OK of an algebraic number fieldK ⊂ C.
By the argument used in the proof of Proposition 5.5 in [16] one shows further
that σ(tr(L)) is bounded for any embedding σ : K → C unequal to the identity.
So applying Takeuchi’s Theorem (see Theorem 5.3 and Proposition 5.5 in [16])
one obtains:
i. L is derived from a quaternion algebra A over a totally real number
field F with d distinct embeddings
σ1 = id, σ2, . . . , σd : F −−→ R.
ii. For 1 ≤ i ≤ d there exists R-isomorphism
ρ1 : A
σ1 ⊗ R ≃M(2,R), and ρi : Aσi ⊗ R ≃ H, for 2 ≤ i ≤ d.
iii. The representation ΓL : π1(Y, ∗) → Sl(2,R) defining the local system
L factors like
π1(Y, ∗) ≃−−→ Γ ⊂ ρ1(O1) −−→ Sl(2,R ∩ Q¯) ⊂ Sl(2,R),
and Y ≃ H/Γ, where O1 is the group of units in an order O ⊂ A over
F , and where H denotes the upper half plane.
iv. F (
√
a) is a field of definition for L, for some a ∈ F .
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v. If τi, 1 ≤ i ≤ d are extensions of σi to F (
√
a), and if Li denotes the
local system defined by
π1(Y, ∗) −−→ Sl(2, F (
√
a))
τi−−→ Sl(2, Q¯),
then Li is a unitary local system, for i > 1, and L1 ≃ L.
vi. Up to isomorphism, Li does not depend on the extension τi chosen.
Using the notations introduced above, the condition S 6= ∅ implies that H/Γ
is not projective. This is only possible for F = Q and for A =M(2,Q). Then,
replacing Y by a finite e´tale cover, L is defined over Z. 
6. Variations of odd weight
In this section we will show, that for k odd, and S = ∅ there are no polarized
Q variations of Hodge structures XQ of weight k with a strictly maximal Higgs
field and with Hodge number hk,0 = 1. In fact, we will only use the highest
width part of X to find a contradiction.
Proposition 6.1. Over a projective curve Y there exists no polarized Q vari-
ation of Hodge structures of odd weight k which allows a decomposition
X = XQ ⊗ C = Vk ⊕W
of polarized C variations of Hodge structures with:
(i) The highest Hodge number hk,0 = 1.
(ii) The width of W is strictly smaller than k.
(iii) Vk is strictly maximal and pure of width k.
If XQ is a polarized Q variation of Hodge structures with a strictly maximal
Higgs field, and with highest Hodge number hk,0 = 1, then the assumptions in
6.1 hold true by Lemma 1.3. So we obtain
Corollary 6.2. Over a projective curve there exists no non-constant polarized
Q variation of Hodge structures of odd weight k, with a strictly maximal Higgs
field and with hk,0 = 1.
Proof of 6.1. Assume there exists an XQ, with k odd satisfying the conditions
i), ii) and iii). By 3.4, applied to Vk instead of X, one has a decomposition
Vk ≃ Sk(L)⊗ Tk
with L a rank 2 weight 2 variation of Hodge structures with a strictly maximal
pure Higgs field, and with Tk a unitary local system. The assumption h
k,0 = 1
implies that Tk is of rank one, hence trivial.
Let σ be an automorphism of Q¯. By [13] (see also [16], 5.5) Lσ is again a C
variation of Hodge structures of weight 2. Hence it either is unitary, or it has
a strict generically maximal Higgs field.
If Lσ is unitary Vσk ≃ Sk(Lσ) is unitary, hence X must have a unitary part.
This however, for k odd, is excluded by the strict maximality of the Higgs
field.
Hence Lσ has again a strict generically maximal Higgs field, and the width
of Vσk ≃ Sk(Lσ) is k. This implies that the image of Vσk under the projection
X→W is zero. The same holds true for the image of Wσ under the projection
X → Vk. Hence Vσk = Vk and Wσ = W, as sub local systems of X. Then Lσ
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has a strictly maximal Higgs field, and after passing to some e´tale covering it
is isomorphic to L.
Since Vσk = Vk, the sub local system Vk of X is defined over Q, Hence S
k(L)
as well. Recall that for a ≥ b the Pieri formula (see [6], 6.16, and 6.9)
Sa(L)⊗ Sb(L) = Sa+b(L)⊕ Sa+b−2(L)....⊕ Sa−b(L).
Applying σ and using again that Si(L) is strictly maximal and pure of width i,
one finds that σ respects this decomposition. In particular, choosing a = b = k
one finds S2(L) as a sub local system of Sk(L) ⊗ Sk(L) invariant under all
automorphisms of Q¯. Hence
S2k−2[
k
2
](L)
is defined over Q. Next one repeats this argument for a = 2k−2[k
2
] and b = k,
and one finds for a− b = k − 2[k
2
] = 1 that L is defined over Q.
So L admits an Z−structure and there exists some Γ ⊂ Sl2(Z) with Y ≃
H/Γ. Then however Y can not be projective. 
7. Families of Calabi-Yau manifolds and other examples
C. Borcea constructed in [1] Calabi-Yau threefolds F as a resolution of quo-
tients
E1 ×E2 × E3/G
where Ei are elliptic curves with involution ιi and
G = Z2 × Z2 =< id× ι2 × ι3, ι1 × id× ι3 > .
For E1 = E2 = E3 this construction easily extends to modular families of ellip-
tic curves, and to higher dimensions. Remark that the group G is a subgroup
of index two of the group generated by the involutions ιi acting on the i-th
factor. Hence F can also be obtained as a twofold covering of some blowing
up of (P1)3.
Example 7.1. For all n ≥ 1 there exists families f : X → Y of Calabi-Yau
n-folds, with smooth part X0 → U , with S = Y \ U 6= ∅, such that Rnf∗QX0
has a strictly maximal Higgs field.
Proof. Let h : E → Y be a modular family of elliptic curves, smooth over
U ⊂ Y and birational to a semistable family. As explained in [16], Section 2,
R1h∗QE0 has a strictly maximal Higgs field, where E0 = h
−1(U) → U is the
smooth part.
We will assume, for simplicity, that the subgroup E(2) of two-division points
in E is trivial, i.e. that it consist of the union of 4 sections of h, pairwise disjoint
on E0. Blowing up the singular fibres, we may assume that the involution ι0
of E0 → U extends to an involution ι on E, and that the quotient P = E/ι is
non singular. We will write ϕ : P→ Y for the induced morphism and Π(2) for
the image of E(2) in P.
For any n > 0 consider the n-fold product En = E×Y · · ·×Y E and the group
H of automorphisms of En, generated by the involutions ι on the different
factors. G again denotes the subgroup generated by automorphisms ηij with
1 ≤ i < j ≤ n, whose restriction to the k-th factor of En is the identity, except
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for the i-th or j-th factor, where it acts as ι. So En/G is a two to one covering
of
En/H = P(n) = P×Y · · · ×Y P ϕ
(n)−−→ Y.
The subgroup of H leaving a components of E(2) ×Y En−1 pointwise invariant
is generated by ι× idn−1, hence Π(2)×Y P(n−1) is totally ramified in En/G. Up
to permuting the factors, each component of the discriminant divisor Γ ⊂ P(n)
is of this form. Let {
Υi; i ∈ {1, . . . ,M}
}
be the set of 2 by 2 intersections of components of Γ. To choose an ordering
one may start, for example, with the 16 intersections of components given by
two torsion points on the first and second factor, then those coming from the
first and third one, and so on. Consider the sequence of blowing ups
P(n,M)
γM−−→ P(n,M−1) γM−1−−−→ · · · γ2−−→ P(n,1) γ1−−→ P(n,0) = P(n),
where γi the blowing up of the proper transform of Υi in P
(n,i−1). Write
γ = γM ◦ · · · ◦ γ1 : P(n,M) = P˜(n) −−→ P(n)
for the composite. We choose X to be the normalization of P˜(n) in the function
field of En/G. We write f : X → Y and δ : X → En/G for the induced
morphisms.
Claim 7.2. The morphism
f : X0 = f
−1(U)→ U
is a smooth family of Calabi-Yau manifolds.
Proof. Consider for y ∈ U the fibre πy : Fy = f−1(y) → P˜(n)y . The twofold
covering Eny /G→ P(n)y = (P1)n is given by the invertible sheaf
Ly = O(P1)n(2, . . . , 2)
and a section of L2y with divisor Γy. The morphism γy : P˜(n)y → P(n)y is the
blowing up of all 2 by 2 intersections of the normal crossing divisor Γy. So
γ∗yΓy is again a normal crossing divisor.
The proper transform Γ˜y of Γy in P˜
(n)
y consists of disjoint irreducible com-
ponents, and
γ∗yΓy − Γ˜y = 2 · Φy
for some reduced divisor Φy. Since the covering πy : Fy = f
−1(y) → P˜(n)y is
obtained by taking the second root out of the divisor γ∗yΓy, the discriminant
of πy is Γ˜y. The latter being non singular implies that Fy is non singular.
Moreover, for all p, one has
πy∗Ω
p
Fy
= Ωp
P˜
(n)
y
⊕ γ∗yL−1y ⊗OP˜(n)y (Φy)⊗ Ω
p
P˜
(n)
y
(log(Γ˜y)). (7.2.1)
For p > 0 the first direct factor can not have any global section. The second
one is a subsheaf of
γ∗y(L−1y ⊗ Ωp
P
(n)
y
(log Γy))⊗OP˜(n)y (Φy).
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Since Φy is contained in the exceptional locus of γy, and since the ampleness
of Ly implies that for p < n
H0(P(n),L−1y ⊗ ΩpP(n)y (log Γy)) = 0,
one finds H0(Fy,Ω
p
Fy
) = 0 for 0 < p < n. Finally, for p = n,
πy∗ωFy = ωP˜(n)y ⊕ γ
∗
yL−1y (Φy)⊗ ωP˜(n)y (log(Γ˜y)) =
ω
P˜
(n)
y
⊕ γ∗y(L1y ⊗ ω(P1)n) = OP˜(n)y ,
and ωFy has a nowhere vanishing section. 
The description of the covering X → P˜(n) given above carries over to the
whole family.
In the sequel 0 always denotes the preimage of U , in particular X0 = f
−1(U),
E0 = h
−1(U), and P
(n)
0 is a (P
1)n bundle over U . We choose L0 to be an
invertible sheaf which fibrewise coincides with O(P1)n(2, . . . , 2) and with L20 =
O
P
(n)
0
(Γ0).
It remains to show that Rnf∗(QX0) has a strictly maximal Higgs field. A
generator ι′ of H/G act on Rnf∗(QX0), and we write R
nf∗(QX0)
(1) for the in-
variants and Rnf∗(QX0)
(−1) for the anti-invariants. Then the strict maximality
of the Higgs field follow from:
Claim 7.3. There is an isomorphism of variation of Hodge structures
n⊗
R1h∗(QE0)
θ−−→
≃
Rnf∗(QX0)
(−1).
Moreover, Rnf∗(QX0)
(1) = 0 for n odd, and Rnf∗(QX0)
(1) is unitary of bidegree
(n
2
, n
2
), for n even.
Proof. The Ku¨nneth decomposition and the trace give natural maps
n⊗
R1h∗(QE0) −−→ Rnhn∗ (QEn0 ) −−→ Rnf∗(QX0).
For the invariants Rnf∗(QX0)
(1) the Higgs bundle is⊕
p+q=n
Rqϕ(n)∗ Ω
p
P˜
(n)
0
.
Remark that the local systems for P
(n)
0 → Y are trivial local systems, and zero
for n odd. Assume the same for P
(n,i−1)
0 → Y . By construction, P(n,i)0 → Y
is obtained by blowing up the proper transform Υ′i of Υi in P
(n,i−1)
0 . The
exceptional divisor is a P1 bundle over Υ′i, and the latter is itself a locally
constant family of rational varieties. Hence again the n-th direct image of
Q
P
(n,i)
0
on U is a trivial local system, and zero for n odd. By induction one
obtains the second part of 7.3.
For the anti-invariants Rnf∗(QX0)
(−1) the Higgs bundle is the direct sum of
all
F p,q0 = R
qϕ(n)∗ γ∗Ω
p
P˜
(n)
0 /U
(log Γ˜0)⊗ γ∗L−10 ⊗OP˜(n)0 (Φ0),
with p+ q = n. The sheaf F p,q0 contains
Rqϕ(n)∗ γ∗Ω
p
P˜
(n)
0 /U
(log γ∗Γ0)⊗ γ∗L−10 ,
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and the cokernel is
Rqϕ(n)∗ γ∗Ω
p−1
Φ0/U
(log Γ˜0 ∩ Φ0)⊗ γ∗L−10 ⊗OΦ0(Φ0). (7.3.1)
As above, each component of Φ0 is a P
1 bundle over some Υ′i and Γ0 ∩ Φ0
consists of two disjoint sections of this bundle. Since OΦ0(Φ0) restricted to its
fibres is OP1(−1), the sheaf in (7.3.1) is zero, for all p and q.
This implies that
F p,q0 = R
qϕ(n)∗ Ω
p
P
(n)
0 /U
(log Γ0)⊗ L−10 .
On the other hand,
Rqϕ∗Ω
p
P0/U
(logΠ(2))⊗OP0(−2) = 0
is zero for (p, q) 6= (0, 1) and (p, q) 6= (1, 0), and
⊕
p+q=n
F p,q0 = R
nϕ(n)∗ Ω
•
P
(n)
0 /U
(log Γ0)⊗L−10 =
n⊗
R1ϕ∗Ω
•
P0/U
(logΠ(2))⊗OP0(−2),
as claimed. 
Remark 7.4. Of course the proof of 7.2 and 7.3 allows to determine the
invariants of the fibre F . Let us just remark that for n = 3, i.e. for Borcea’s
example, f : X0 → U is a family of Calabi Yau manifolds with Euler number
e = 96 and h2,1 = 3. One has
R3f∗(QX0) =
3⊗
R1h∗(QE0) = S
3R1h∗(QE0)⊕ R1h∗(QE0)⊕2.
Starting from families of Abelian varieties with strictly maximal Higgs fields,
as classified in [16], Theorem 0.5, it is easy to give examples of smooth families
f : X → Y of n-dimensional manifolds over a projective curve Y , with a
strictly maximal Higgs field.
Let us first recall the classification of smooth families of Abelian varieties
with a strictly maximal Higgs field:
Let A be a quaternion division algebra defined over a totally real number
field F , which is ramified at all infinite places except one. Choose an embedding
D = CorF/QA ⊂M(2m,Q),
with m minimal, hence for d = [F : Q] one has m = d or m = d+1. Then the
moduli functor of Abelian varieties with special Mumford-Tate group
Hg = {x ∈ D∗; xx¯ = 1}
and with a suitable level structure, is represented by a smooth family ZA → YA
over a compact Shimura curve YA. As explained in [16] ZA → YA has a strictly
maximal Higgs field, and the general fibre Zη of ZA → YA is of the following
type:
i. 1 < m = d odd. In this case dim(Zη) = 2
d−1 and End(Zη)⊗Z Q = Q.
ii. m = d+ 1. Then dim(Zη) = 2
d and
a. for d odd, End(Zη) ⊗Z Q a totally indefinite quaternion algebra
over Q.
b. for d even, End(Zη)⊗ZQ a totally definite quaternion algebra over
Q.
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If g : Z → Y is any family of Abelian varieties with a strictly maximal Higgs
field, then by [16] there exists some A such that, replacing Y by an e´tale
covering, Y = YA and g : Z → Y is isogenous to
ZA ×Y · · · ×Y ZA −−→ Y.
In particular, the dimension n of the fibres of g is even.
Example 7.5. For n even, there exists a smooth family f : X → Y of n-
dimensional manifolds F with hn,0(F ) = 1 and hk,0 6= 0 for all even k, such
that the Higgs field of Rnf∗QX is strictly maximal.
Proof. Starting from a smooth family
g : Z = ZA ×Y · · · ×Y ZA −−→ Y
let g′ : Z ′ → Y be the family obtained by blowing up the fixed points Γ of the
involution ι of Z over Y . We will assume for simplicity that those fixed points
are the union of the images of sections of g, a condition always satisfied after
replacing Y by an e´tale covering.
The involution ι acts on the relative Zariski tangent space of Γ by multipli-
cation with −1, hence it induces an action on Z ′, denoted by ι′. The restriction
of ι′ to the exceptional divisor E is trivial, and ι′ acts fixed point free on Z ′\E.
If Vk denotes the variation of Hodge structures of weight k of Z → Y , one has
Rkg′∗CX ⊗OY = Rkg′∗Ω•Z′/Y = Vk ⊗OY ⊕ Tk ⊗OY .
Here Tk is zero for k odd, and it is a trivial local system, concentrated in
bidegree (k
2
, k
2
) for k even. Moreover, ι′ acts trivially on Tk and on Vk it acts
by multiplication with (−1)k.
The quotient, X = Z′/ι′ is smooth over Y , and the ramification locus of
τ : Z ′ → X is E. One finds
Rkf∗Ω
•
X/Y = V
k ⊗OY ⊕ Tk ⊗OY ,
for k even and = 0 for k odd. 
The last example shows that for n even there exist smooth families of n-
folds of Kodaira dimension zero, with hn,0 = 1 and with a weight n variation
of Hodge structures with a strictly maximal Higgs field, whereas the same is
excluded for n odd by 6.2.
Problem 7.6. Let n > 2 be even. Do there exist smooth families of Calabi-
Yau n-folds over projective curves with a weight n variation of Hodge struc-
tures, with a strictly maximal Higgs field?
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